Any closed oriented 3-manifold M can be equipped with some additional structures called complex spin structures, or Spin c -structures. Complex spin structures play a central rôle in Seiberg-Witten theory. In dimension 3, they are in canonical correspondence with Euler structures. The latter, which are classes of nonsingular vector fields on M , have been introduced by V. Turaev in order to refine Reidemeister torsions. Also, complex spin structures are related to the classical spin structures, or Spin-structures, in the sense that there exists a canonical map Spin(M ) → Spin c (M ), from the space of the Spin-structures on M to the space of its Spin c -structures. In this paper, we investigate the rôle played by quadratic functions in the topology of closed oriented 3-manifolds endowed with Spin c -structures. In particular, we explain how quadratic functions emerge from a Spin c -refinement of the GoussarovHabiro theory of finite type invariants.
A quadratic function on a torsion Abelian group G is a function q : G → Q/Z such that the pairing b : G × G → Q/Z, defined for any x, y ∈ G by b(x, y) = q(x + y) − q(x) − q(y), is bilinear. In that case, q is said to be a quadratic function over the symmetric bilinear pairing b, and we denote this by q ∈ Quad(b). Note that we allow quadratic functions q which are not homogeneous (that is, that do not satisfy q(x) = q(−x) for all x ∈ G) or are degenerate (that is, b may be a degenerate pairing).
We associate to any closed oriented 3-manifold M equipped with a Spin c -structure σ a quadratic function φ M,σ : H 2 (M ; Q/Z) → Q/Z, over a pairing L M which is a slight modification of the linking pairing λ M : TH 1 (M ) × TH 1 (M ) → Q/Z defined on the torsion subgroup TH 1 (M ) of H 1 (M ). Explicitely, L M is λ M • (B × B), where B : H 2 (M ; Q/Z) → TH 1 (M ) is the Bockstein homomorphism associated to the short exact sequence of coefficients 0 → Z → Q → Q/Z → 0. We prove that the Spin c -structures on M are determined by their corresponding quadratic functions. Theorem 1. Let M be a closed connected oriented 3-manifold. The map σ → φ M,σ defines a canonical embedding
Via the map φ M , topological notions can be put in correspondence with algebraic ones. For instance, to the Spin c -structure σ can be associated its Chern class c(σ) ∈ H 2 (M ) or, equivalently, its Poincaré dual P −1 c(σ) ∈ H 1 (M ). This topological obstruction corresponds with the homogeneity defect d φM,σ : H 2 (M ; Q/Z) → Q/Z of the quadratic function φ M,σ , which is defined by d φM,σ (x) = φ M,σ (x) − φ M,σ (−x). When the Chern class c(σ) is torsion, φ M,σ factors through B to a quadratic function φ M,σ : TH 1 (M ) → Q/Z over the linking pairing λ M , and coincides with previous works [LW] [Gi] [D] . In particular, when σ comes from a spin structure, the quadratic function φ M,σ turns out to be equivalent to still earlier constructions [LL] [MS] [T1] [KT].
The quadratic function φ M,σ allows us to solve a problem related to the theory of finite type invariants of M. Goussarov and K. Habiro. Recall that their theory [Go] [Ha] [GGP] deals with compact oriented 3-manifolds and is based on an elementary move called Y -surgery. The Y -equivalence relation, which is defined to be the surgery equivalence relation generated by this move, is a crucial relation in this theory, since two manifolds M and M ′ are Y -equivalent if and only if they are not distinguished by degree 0 finite type invariants. S. Matveev showed that, in the closed case, M is Y -equivalent to M ′ if and only if they have identical first Betti numbers and isomorphic linking pairings [Mt] . Recently, the second author introduced a non-trivial Spin-refinement of the Goussarov-Habiro theory (the possibility of which was announced in [Go] and [Ha] ) and characterized degree 0 invariants of closed Spin-manifolds [Ms1] .
By means of new gluing techniques developped for Spin c -manifolds, we show that Y -surgeries make also sense for Spin c -manifolds and generate a surgery equivalence relation among them called Y c -equivalence. It follows that there exists a Spin c -refinement of the Goussarov-Habiro theory. We characterize Y c -equivalence of Spin c -manifolds in terms of their associated quadratic functions. Given an isomorphism ψ : H 1 (M ) → H 1 (M ′ ), we denote by ψ| : TH 1 (M ) → TH 1 (M ′ ) its restriction to the torsion subgroups, and by ψ ♯ : H 2 (M ′ ; Q/Z) → H 2 (M ; Q/Z) the isomorphism dual to ψ by the intersection pairings:
Also, given some sections s and s ′ of respectively B : H 2 (M ; Q/Z) → TH 1 (M ) and B : H 2 (M ′ ; Q/Z) → TH 1 (M ′ ), we say that s and s ′ are ψ-compatible if the diagram
commutes. Recall that the Gauss sum of a quadratic function q : G → Q/Z on a finite Abelian group G is the complex number x∈G exp(2iπq(x)).
Theorem 2. Let (M, σ) and (M ′ , σ ′ ) be two closed connected oriented 3-manifolds with Spin c -structures. The following assertions are equivalent:
(1) the Spin c -manifolds (M, σ) and (M ′ , σ ′ ) are Y c -equivalent; (2) there is an isomorphism ψ : The key ingredients for the proof of Theorem 2 are some algebraic results concerning quadratic functions on torsion Abelian groups obtained in [DM1] .
Two special cases deserve to be singled out. First, consider manifolds with torsion free first homology group. We deduce the following from Theorem 2. (1) the Spin c -manifolds (M, σ) and (M ′ , σ ′ ) are Y c -equivalent; (2) there is an isomorphism ψ : H 1 (M ) → H 1 (M ′ ) such that ψ P −1 c(σ) = P −1 c(σ ′ ).
Second, consider the case of rational homology 3-spheres. According to what has been said above, if M is an oriented rational homology 3-sphere, then φ M,σ can be regarded as a quadratic function H 1 (M ) → Q/Z over λ M . In that case, Theorem 2 specializes to the following corollary.
Corollary 2. Let (M, σ) and (M ′ , σ ′ ) be two connected oriented rational homology 3-spheres with Spin c -structures. The following assertions are equivalent:
(1) the Spin c -manifolds (M, σ) and (M ′ , σ ′ ) are Y c -equivalent; (2) there is an isomorphism ψ :
, the quadratic functions φ M,σ and φ M ′ ,σ ′ have identical Gauss sums.
The paper is organized as follows. Section 1 is of independent interest and can be read as a tutorial on Spin c -structures, with a particular emphasis on dimension 3. The technical problem of gluing Spin c -structures in dimension 3 is solved. This is a major step towards the definition of Y-surgery in the setting of Spin c -manifolds. (Indeed, the Y-surgery move is defined as a "cut and paste" operation.) We associate to any compact oriented 3-manifold M with boundary and any Spin-structure σ on ∂M , a space denoted Spin c (M, σ), of complex spin structures on M relative to σ (Theorem 1.1). These relative Spin c -structures are the suitable ones to be taken into account while gluing manifolds (Corollary 1.1).
Section 2 is devoted to the construction and study of the quadratic function φ M,σ associated to any closed Spin c -manifold (M, σ) of dimension 3. First, we introduce Chern vectors allowing for a combinatorial description of the Spin c -structures on M when the manifold M is presented by surgery along a link in S 3 . This leads to a Spin c -refinement of Kirby's theorem (Theorem 2.2) and a definition of the quadratic function φ M,σ . Theorem 1 and fundamental properties of the map φ M are proved, including an explicit determination of its cokernel. When σ is regarded as an Euler structure, a (geometric) intrinsic formula, making no reference to surgery, is established for φ M,σ ( §2.5).
In Section 3, the Y c -surgery move is defined using the relevant techniques of Section 1. Theorem 2 is proved using results of Section 2. Lastly, we give applications and formulate some open problems.
Spin c -structures on 3-manifolds
This section gives a self-contained presentation of Spin c -structures and related structures, with special emphasis on dimension 3.
1.1. Miscellaneous conventions. In this paper, vector bundles will be stabilized from left. If G is a group, ω G : EG → BG will denote the universal principal Gbundle. The map induced by a bundle morphism F on the base spaces is denoted by the corresponding lower case letter f . Also, any manifold M is assumed to be compact, smooth and oriented. If M has non-empty boundary, ∂M is oriented with the "outward normal vector first" rule.
If G is an Abelian group, a G-affine space A is a set A on which G acts freely and transitively. Any affine action will be denoted multiplicatively; thus, for a, a ′ ∈ A, the unique element g ∈ G satisfying a ′ = g · a will be written a ′ /a. Lastly, the real interval [0, 1] will be denoted I and, unless otherwise specified, all (co)homology groups are assumed to be computed with integer coefficients.
1.2. Complex spin structures. The homotopy-theoritical exposition of Spin cstructures we give here, follows mutatis mutandis from an analogous description of Spin-structures given by Blanchet and Masbaum in [BM] .
1.2.1. The Spin c group. The Spin group is the 2-fold covering of the special orthogonal group SO:
The group Spin c is defined by
where Z 2 is generated by [(−1, −1)], hence the following short exact sequence of groups:
where j sends z to [(1, z)], and where ρ sends [(x, z) ] to π(x). We obtain the following fibration for classifying spaces:
Denote by γ SO the universal stable oriented vector bundle over BSO, and by γ Spin c the pull-back of γ SO by Bρ. Analogously, for any n ≥ 1, starting from SO(n) we define the groups Spin(n) and Spin c (n).
1.2.2.
Rigid Spin c -structures. Let M be a n-manifold. We denote by T M (resp. τ M ) its oriented (resp. and stable) tangent bundle. Definition 1.1. A rigid Spin c -structure on M is a vector bundle morphism G : τ M → γ Spin c which is orientation-preserving on each fiber. A Spin c -structure (or complex spin structure) on M is a homotopy class of rigid Spin c -structures on M . We denote by Spin c r (M ) the set of rigid Spin c -structures on M , and by Spin c (M ) the set of its Spin c -structures.
In the sequel, the letter β will stand for a Bockstein homomorphism associated to the following short exact sequence of coefficients:
We now recall a well-known fact concerning existence and parametrization of Spin cstructures. In the sequel, the topological obstruction βw 2 (M ) is denoted w(M ).
Proof of Proposition 1.1. Suppose that G : τ M → γ Spin c is a rigid Spin c -structure on M . By composing G with the canonical morphism γ Spin c → γ SO , we obtain a morphism F : τ M → γ SO . At the level of base spaces, f : M → BSO is a classifying map for τ M and g : M → BSpin c is a lift of f by Bρ. By construction of γ Spin c , the rigid Spin c -structure G on M is equivalent to the data (F, g) where
(1) F : τ M → γ SO is a vector bundle morphism which is orientation-preserving on each fiber, (2) g is a lift of f by Bρ.
Thus, a Spin c -structure on M is equivalent to a homotopy class of such pairs (F, g). Suppose now that the bundle map F is fixed. The space of bundle maps
is arc connected and contractible (see for instance [Hu, Ch. 7, Proposition 3.3] and [Hu, Ch. 7, Theorem 3.4] ). It can be deduced from these two facts that a Spin c -structure on M corresponds to a lift g of f by Bρ, up to lift homotopy. This useful observation allows us to apply usual obstruction theory to the fibration Bρ : BSpin c → BSO. This is a principal fibration with fiber BU(1) ≃ BK(Z, 1) ≃ K(Z, 2), and with characteristic class w = βw 2 ∈ H 3 (BSO). The proposition follows.
We now explain why our definition of Spin c -structures agrees with the usual one. 
Proof. Let (η, H) be such a pair. Let us prove that it determines a rigid Spin cstructure G on M by showing that it determines an equivalent data (F, g), as described in the proof of Proposition 1.1. Pick a morphism of Spin c (n)-bundles η → ω Spin c (n) which, when composed with the canonical map ω Spin c (n) → ω Spin c , gives a certainG : η → ω Spin c . ThisG induces a morphism η/U(1) → ω SO ; by composing it with H −1 , we obtainF :
The mapF induces a morphism F : τ M → γ SO . We put g =g, induced byG at the level of base spaces. The assignation (η, H) → (F, g) ≡ G induces the announced correspondence between the two definitions of Spin c -structures.
1.2.3.
Relative Spin c -structures. Suppose in this paragraph that M is a n-manifold with non-empty boundary. By the conventions we adopted in §1.1, the bundle τ ∂M can be identified with τ M | ∂M , hence a restriction map Spin Proof of Theorem 1.1. Let w 2 (M, s i ) ∈ H 2 (M, ∂M ; Z 2 ) denote the obstruction to extend s i to a rigid spin structure on M . We have
where w(M, β(s i )) is the relative obstruction defined by Proposition 1.2. Thus, w(M, β(s i )) is of order at most 2 and so vanishes since H 3 (M, ∂M ) is torsion free. We now prove the second statement. Let (s t ) t∈I denote a homotopy between s 0 and s 1 : each s t is a bundle morphism τ ∂M → γ Spin . Such a homotopy defines a rigid spin structure s : τ ∂M×I → γ Spin over ∂M × I by setting
where τ ∂M×I | ∂M×t is identified with τ ∂M . Denote by M ∪ (∂M × I) the union of M and its collar ∂M × I. The gluing
By identifying M with M ∪ (∂M × I), we obtain a map
It suffices now to prove that if (s ′ t ) t is another homotopy between s 0 and s 1 , then ρ s = ρ s ′ . Setting ρ s0,s1 = ρ s will give the theorem. The image of
is a singleton since it is affine over β :
which is trivial (its codomain is isomorphic to the free Abelian group H 1 (∂M )). It follows that the rigid Spin c -structures βs and βs ′ on ∂M × I are homotopic rel ∂M × ∂I, so ρ s = ρ s ′ . Remark 1.3. Let M be a 3-manifold with boundary and let σ ∈ Spin(∂M ). We define Spin(M, σ) = {α ∈ Spin(M ) : α| ∂M = σ} . One can show that there exists a canonical map
which is induced by the map Spin(M, s) → Spin c (M, βs), defined in §1.2.5, for an arbitrary s ∈ Spin r (∂M ) representing σ.
Spin
c -structures as vector fields: the closed case. We now review the geometric Euler structures introduced by Turaev in [T2] . In this paragraph, we fix a closed 3-manifold M . If a cellular decomposition of M is given, punctured homotopy coincides with homotopy on the 2-skeleton of M . From obstruction theory, we deduce that geometric Euler structures exist (since χ(M ) = 0) and that they form a H 2 (M )-affine space denoted Vect(M ).
Proof. Let v be a nonsingular vector field tangent to M . Endow M with a Riemannian metric. First, v determines a reduction of F M to SO(2) with respect to this injection SO(2) ֒→ SO(3) defined before Lemma 1.2: this reduction is F v ⊥ , the bundle of oriented orthonormal frames of the vector bundle v ⊥ , when this one is oriented with the right-hand rule (v=right thumb). Therefore, by the the homomorphism SO(2) → U(2) of Lemma 1.2, F v ⊥ defines a principal U(2)-bundle η. According to that lemma, this U(2)-bundle can be accompanied with an isomorphism of principal SO(3)-bundles H : η/U(1) → F M , and so defines (according to Lemma 1.1) a Spin c -structure on M . This Spin c -structure only depends on the punctured homotopy class of v: so is defined h M ([v] ). Moreover, one can verify that the assignation [v 
There is a noteworthy involution of Vect(M ). Called inversion and denoted
Lemma 1.4. For any ξ ∈ Vect(M ), we have:
Proof. Both of the maps Vect(M ) → H 2 (M ) which are defined by ξ → ξ/ξ −1 and by ξ → c(h M (ξ)), are affine over the square map (according to [T2, Theorem 5.3 .1] and Remark 1.1). So, it suffices to show the following implication:
Give M a Riemannian metric. According to the last statement of Remark 1.2, the isomorphism class of principal U(1)-bundles defined by the Spin c -structure
is the obstruction to find a nonsingular section of T M transverse to v. Assertion (1.2) then follows.
In the latter proof and by Remark 1.1, it appears that the image of Spin(M ) in Spin c (M ) corresponds to the Euler structures ξ = [v] for which there exists a nonsingular tangent vector field to M transverse to v. Let us make this fact more precise. We denote Parall(M ) the set of parallelizations of M , up to punctured homotopy. A parallelization of M is a trivialization e = (e 1 , e 2 , e 3 ) of the oriented vector bundle T M . Let V be a manifold of dimension n ≥ 3. The space of trivializations of T V on the 1-skeleton of V , which can be extended to the 2-skeleton, and considered up to homotopy, is empty or is parametrized by H 1 (M ; Z 2 ). It can also be put in a canonical correspondence with Spin(M ) [Ki, Chap. 4] . Since π 2 (SO(3)) = 0 and since M is of dimension 3, we obtain the following lemma which can be proved similarly to Lemma 1.3. Lemma 1.5. There exists a canonical and 
where the map β : Spin(M ) → Spin c (M ) has been defined in §1.2.5.
1.3.4. Spin c -structures as vector fields: the boundary case. We now define relative geometric Euler structures and, for that, we make two observations. First, all of the definitions and results of §1.3.3 are relative to T M and in fact work for any 3-dimensional oriented vector bundle. In particular, if S is a closed surface, they can be applied to the bundle ǫ 1 ⊕ T S (ǫ i stands for the i-dimensional trivial vector bundle). Thus, we define Vect (S st ) and Parall (S st ) , to be respectively the set of nonsingular sections of the st abilized oriented vector bundle ǫ 1 ⊕ T S and the set of its trivializations (all of them being considered up to homotopy in S). Then, obstruction theory says that they are respectively affine spaces over H 2 (S) and H 1 (S; Z 2 ). Analogs of Lemma 1.3, Lemma 1.5 and Lemma 1.6 yield the following commutative diagram:
Its Chern class is equal to the Euler class e(S) of the surface S (since here v ⊥ is the sub-bundle T S of ǫ 1 ⊕ T S for a product metric).
Second, one can speak of rigid structures for any kind of structures which are defined as homotopy classes of something. Thus, there are rigid versions of Vect(N ) and Parall(N ), when N = M is a 3-manifold or when N = S st with S a closed surface. These rigid versions are denoted with a decorating subscript "r".
Let M be a 3-manifold with non-empty boundary and let v ∈ Vect r ((∂M ) st ) be a nonsingular section of 
Definition 1.6. Theorem 1.1 allows us to associate to any 3-manifold M with boundary and any ρ ∈ Parall (∂M ) st , the space of geometric Euler structures on
Hence the following relative version of Lemma 1.3 which may be proved similarly.
Lemma 1.7. Let M be a 3-manifold with boundary and let ρ ∈ Parall ((∂M ) st ).
There exists a canonical and
1.3.5. Relative Chern classes. We now define relative versions of the Chern classes of Spin c -structures ( §1.2.6).
Lemma 1.8. Let M be a 3-manifold with boundary and let σ ∈ Spin(∂M ). There exists a canonical map
which is affine over the square map defined by x → x 2 .
c(α) is called the Chern class of the relative
Proof of Lemma 1.8. Let ρ ∈ Parall ((∂M ) st ) correspond to σ by h ∂M . In fact, we will define a map c : Vect(M, ρ) → H 2 (M, ∂M ) (and apply Lemma 1.7). Let e = (e 1 , e 2 , e 3 ) be a trivialization of ǫ 1 ⊕ T ∂M representing ρ and let ξ ∈ Vect(M, e 1 ) be represented by v: v is a nonsingular vector field on M whose restriction to ∂M coincides with e 1 . The vector field e 2 is a nonsingular section of T M on ∂M transverse to v. We define c(ξ) to be the first obstruction to extend e 2 to a nonsingular section of T M transverse to v; we are led to a map Vect(M, e 1 ) → H 2 (M, ∂M ). If e ′ is another representant of ρ, the analogously obtained map Vect(M, e ′ 1 ) → H 2 (M, ∂M ) coincide with the latter one via the isomorphism ρ e,e ′ involved in Theorem 1.2. We get a well-defined map c.
Let now x ∈ H 2 (M, ∂M ) and suppose that its Poincaré dual We now give a modulo 2 formula for the relative Chern classes. Recall that the cobordism group Ω Spin 1 is isomorphic to Z 2 : the generator is S 1 endowed with the Spin-structure which is induced by its Lie group structure [Ki, p. 35, 36] . For a closed oriented surface S, Johnson constructs in [J] a canonical bijection
between spin structures on S and quadratic forms over the modulo 2 intersection pairing of S. For any σ ∈ Spin(S), the quadratic form q σ : H 1 (S; Z 2 ) → Z 2 is defined as follows. If γ is an oriented simple closed curve on S, we have:
Lemma 1.9. Let M be a 3-manifold with boundary, σ ∈ Spin(∂M ) and α ∈ Spin c (M, σ). The following identity holds:
where ·, · denotes Kronecker evaluation, and where
is the connecting homomorphism of the pair (M, ∂M ).
Proof. The modulo 2 reduction of c(α) is
which is the obstruction to extend σ to the whole manifold M . Let Σ be a connected immersed surface in M such that ∂Σ = ∂M ∩ Σ, ∂Σ has no singularity and Σ represents the modulo 2 reduction of y.
and so is the obstruction to extend the Spin-structure σ| ∂Σ to the whole surface Σ. Since Σ is connected, this is the class of (∂Σ,
Example 1.3. Suppose that M is a 3-manifold with a disjoint union of tori as boundary. We denote by ρ 0 ∈ Parall (T 2 ) st the distinguished parallelization of the torus corresponding to its distinguished Spin-structure σ 0 (Example 1.1). The geometric Euler structures on M relative to∪ρ 0 , as introduced in Definition 1.6, correspond to Turaev's relative geometric Euler structures [T2, §5.1] [T5, §1.1]. In particular, Lemma 1.9 is a generalization of [T5, Lemma 1.3].
Gluing of Spin
c -structures. We are now ready to deal with the technical problem of gluing Spin c -structures. For this, let us consider two n-manifolds M 1 and M 2 , together with a positive diffeomorphism f :
the absolute obstruction w(M ) vanishes and there exists a gluing map
which is affine over
where the letter P stands for a Poincaré duality isomorphism.
Proof. Let α i ∈ Spin c (M i , s i ) be represented by a rigid structure a i . The structures a 1 and a 2 can be glued by means of f : we obtain a rigid Spin c -structure on M whose homotopy class does not depend on the choices of a 1 and a 2 in their respective classes α 1 and α 2 . We denote it by
Let us prove that the so obtained map ∪ f is affine. The manifolds M 1 and M 2 being smooth, they are triangulable. Let C i be a triangulation of M i for i = 1 and 2, such that C 1 | ∂M1 corresponds to C 2 | ∂M2 by f . We denote by C * i the cellular decomposition of M i dual to the triangulation C i . On the one hand, we consider the union C of the triangulations C 1 and C 2 : a simplex of C is a simplex of C i for i = 1 or 2, and simplices of ∂M 1 are identified with simplices of ∂M 2 by f . On the other hand, we consider the gluing C * of the cellular decompositions C * 1 and C * 2 : a cell of C * either is a cell of C * i which does not intersect ∂M i , either is the gluing by f of a cell belonging to C * 1 with a cell of C * 2 along a face lying in ∂M i . Then, C is a triangulation of M and C * is its dual cellular decomposition. Cohomology will be calculated with C while homology will be computed with
. We want to prove the equality
r (M i ) be some respective representatives for α i and α ′ i which coincides on the 1-skeleton of C i (and, of course, on ∂M i ). We have fixed a bundle morphism τ Mi → γ SO and, as in the proof of Proposition 1.1, we identify the rigid structure a i and a ′ i with some lifts M i → BSpin c of the corresponding map M i → BSO at the level of base spaces. So,
is the class of the 2-cocycle which assigns to each 2-simplex e
respectively represent α and α ′ . Similarly, using these rigid structures, we can describe explicitely a 2-cocycle representing α/α ′ . This 2-cocycle sends any 2-simplex of
k .
We now come back to the dimension n = 3. Here is the gluing lemma which we shall use in practice.
Corollary 1.1. Let σ 1 ∈ Spin(∂M 1 ) and σ 2 ∈ Spin(∂M 2 ) be such that f * (σ 1 ) = −σ 2 . There exists a canonical gluing map
Furthermore, for any α i ∈ Spin c (M, σ i ) with i = 1 and 2, the following identity between Chern classes holds:
Proof. According to Theorem 1.1, the relative obstructions vanish, and so the first statement is a direct application of Lemma 1.10 and definition of Spin c -structures relative to Spin-structures. The second statement is again a calculus of gluing of obstructions in oriented manifolds and its proof uses the same arguments as in the proof of Lemma 1.10. Example 1.4. Let N 1 and N 2 be two closed 3-manifolds, and let N 1 ♯N 2 be their connected sum. Then, there is a map ♯ :
i is the unique Spin-structure on ∂Ṅ i , and k i is the bijection defined by α → α ∪ α 
Quadratic functions associated to 3-manifolds with Spin c -structures
In this section, we associate to any closed Spin c -manifold (M, σ) of dimension 3 a quadratic function φ M,σ : H 2 (M ; Q/Z) → Q/Z. We begin with generalities concerning quadratic functions defined on torsion Abelian groups.
2.1. Quadratic functions and the discriminant construction. Let us fix a few convenient notations. If A and B are Abelian groups and if b : A × A → B is a symmetric bilinear pairing, we will denote by b : A → Hom(A, B) the adjoint map. The pairing b is said to be nondegenerate (respectively nonsingular ) if b is injective (respectively bijective). Denote by A * the group Hom(A, Z) if A is free, respectively the group Hom(A, Q) if A is a Q-vector space, respectively the group Hom(A, Q/Z) if A is torsion. Lastly, if A is free, we set A Q = A ⊗ Q.
2.1.1. Basic notions about quadratic functions. Let G be a torsion Abelian group. A map q : G → Q/Z is said to be a quadratic function on G, if b q (x, y) = q(x + y) − q(x) − q(y) defines a (symmetric) bilinear pairing b q : G × G → Q/Z, called the associated bilinear pairing. The quadratic function q is said to be nondegenerate if b q is nondegenerate, and q is said to be homogeneous if q(−x) = q(x) for any x ∈ G.
Apart from the associated bilinear pairing b q , some notions attached to q are its radical Ker(q) = Ker b q ⊂ G, its homogeneity defect
and, when G happens to be finite, its Gauss sum
Given a symmetric bilinear pairing b : G×G → Q/Z, we say that q : G → Q/Z is a quadratic function over b if b q = b. The group G * acts freely and transitively on Quad(b), the set of quadratic functions over b, by the addition of maps
′ → Q/Z will be denoted ψ * q; in that case, the quadratic functions q and ψ * q are said to be isomorphic. There is a basic procedure to produce quadratic functions on torsion Abelian groups, known as the discriminant construction.
2.1.2. The discriminant construction. In the litterature, the discriminant construction is usually restricted to nondegenerate bilinear lattices. The general case has been considered in [DM1] , to which we refer for details and proofs. The following is a quick review of the subject.
A lattice H is a free finitely generated Abelian group. A bilinear lattice (H, f ) is a symmetric bilinear pairing f : H × H → Z on a lattice H. Let also
be the dual lattice, where
The set of characteristic forms (resp. Wu classes) for (H, f ) is denoted Char(f ) (resp. Wu(f )). These sets are not empty and are related by the map w → f (w), Wu(f ) → Char(f ). Consider now the torsion Abelian group G f = H ♯ /H and the map
The map L f is a symmetric bilinear pairing with radical Ker L f = Ker f ⊗ Q/Z.
Consider the torsion subgroup T Coker f of Coker f . The adjoint map f Q :
which can be verified to be split (non-canonically). Therefore, G f is the direct sum of a finite Abelian group with as many copies of Q/Z as the rank of Ker f . It follows also from (2.1) that the symmetric bilinear pairing L f factorizes to a nondegenerate pairing
which is left nondegenerate (respectively left nonsingular if and only if f is nondegenerate) and right nonsingular [DM1, Lemma 2.9].
Suppose next that (H, f, c) is a bilinear lattice equipped with a characteristic form c ∈ H * . We associate to (M, f, c) a quadratic function
Definition 2.1. The triple (H, f, c) is said to be a presentation of the quadratic function φ f,c on the torsion Abelian group G f . The assignation (H, f, c)
Note that φ f,c+2f (x) = φ f,c for any x ∈ H. Hence φ f,c depends on c only mod 2 f (H). Also, the Abelian group H * / f (H) = Coker f acts freely and transitively In the next paragraphs, we make all of these algebraic notions concrete by giving them topological interpretations.
2.2.
Combinatorial descriptions associated to surgery presentations. In this paragraph, we fix an ordered oriented framed n-component link L in S 3 and we denote by B L = (b ij ) i,j=1,...,n the linking matrix of L. We call V L the 3-manifold obtained from S 3 by surgery along L and we denote by W L the trace of the surgery. Specifically, we have 
Kronecker evaluation, and will be given the dual basis. In the sequel, we simplify our notation by putting
is identified with H * ) and by denoting f : H × H → Z the intersection pairing of W L ; recall that the matrix of f relatively to the preferred basis of H is B L . Since (H, f ) is a bilinear lattice, the results of §2.1 apply.
2.2.1. Combinatorial description of Spin-structures. We begin by recalling a combinatorial description of Spin(V L ) due to Blanchet [B] . Define the set
The elements of S L are called characteristic solutions of B L . Here, S L is refered to as the combinatorial description of Spin(V L ), as justified by the following lemma.
Lemma 2.1. There are canonical bijections
A refined Kirby's theorem dealing with surgery presentations of closed Spin-manifolds of dimension 3 can be derived from this lemma [B, Theorem (I.1) ].
Proof of Lemma 2.1. The preferred basis of H induces an isomorphism H/2H ≃ (Z 2 ) n : the bijection between Wu(f )/2H and S L is obtained by this way. We now describe a bijection between Spin(V L ) and Wu(f )/2H. Let σ be a Spinstructure on V L , the obstruction w 2 (W L , σ) to extend σ to W L belongs to the group 
Proof. The preferred basis of H defines an isomorphism H * ≃ Z n , which induces a bijection between Char(f )/2 f (H) and
, the latter is surjective and its kernel coincides with the image of f :
Such a form has to be a characteristic form for f since its modulo 2 reduction coincides with the second Stiefel-Whitney class
Concretely, in a surgery diagram for the Spin c -manifold (V L , σ), we draw the framed link L with the blackboard framing convention and we add a decorating integer s i to each component L i of L so that the multi-integer s = (s i ) represents the Chern vector corresponding to the Spin c -structure σ. We now give the refined Kirby's theorem dealing with surgery presentations of closed Spin c -manifolds of dimension 3.
Theorem 2.2. Let L and L ′ be some ordered oriented framed links in S 3 , and Proof. This follows from the usual Kirby's theorem. It suffices to show that, for each Kirby's move L 1 → L 2 , the corresponding canonical diffeomorphism V L1 → V L2 acts at the level of Spin c -structures as combinatorially described on Figure 2 .2. This is a straightforward verification.
Example 2.1. Look at the slam dunk move depicted on Figure 2 .3. Here, we are considering the ordered union L ∪ (K 1 , K 2 ) of a n-component ordered oriented framed link L with a framed oriented knot K 1 together with its oriented meridian
where y is the framing number of K 1 . It produces two closed Spin c -manifolds of dimension 3 which are diffeomorphic, as can be shown by rewriting the proof of [FR, Lemma 5] Remark 2.1. There exists a canonical isomorphism ̺ :
, as follows from the following commutative diagram:
In this setting, the affine action of
Also, the Chern class map Spin
From Spin to Spin
c in a combinatorial way. We now relate the combinatorial description of Spin(V L ) with that of Spin c (V L ).
Proof. Take σ ∈ Spin(V L ) and let
. Then, the lemma will follow from the fact that r σ goes to c(σ) by the natural map
whenσ is appropriately choosen with respect to r σ . It can be proved undirectly as follows. In case when σ can be extended to W L , this is certainly true: indeed, we can take r σ = 0 and we may choose forσ the image by β of the unique extension of σ to W L , so that c(σ) = 0. The general case can be reduced to this particular one for the following two reasons. First, it is easily verified that for each Kirby's move L 1 → L 2 between oriented ordered framed links, the induced bijections S L1 → S L2 and V L1 → V L2 , which are respectively described in [B, Theorem (I.1)] and Theorem 2.2, are compatible with the maps β :
Second, according to a theorem of Kaplan [Ka] , there exists an oriented framed link L ′ in S 3 related to L by a finite sequence of Kirby's moves, and through which σ ∈ Spin(V L ) goes to
A combinatorial description of H 2 (V L ; Q/Z).
We maintain the notations used in §2.2.2.
Lemma 2.4. There exists a canonical isomorphism
Proof. Consider the following commutative diagram with exact rows and columns:
, where • is the rational intersection pairing in W L . So, we have
Seeing H 2 (V L ; Q/Z) as a subgroup of H 2 (W L ; Q/Z), we deduce the announced isomorphism from the map d.
Recall that the quotient group H ♯ /H is denoted G f in §2.1 and that it appears in the short exact sequence (2.1). We now interpret this sequence as a universal coefficients short exact sequence for V L . We denote B the Bockstein homomorphism associated to the short exact sequence of coefficients
Lemma 2.5. The following diagram is commutative:
Here, the isomorphisms κ and ̺ are respectively defined in Lemma 2.4 and Remark 2.1.
Proof. Commutativity of the left square is equivalent to the equality
We have Ker
where the groups H 2 (V L ; Q) and H 2 (W L ; Z) are seen here as subgroups of H 2 (W L ; Q). Then, by definition of κ and by the commutative diagram in the proof of Lemma 2.4, (2.3) follows from the fact that the image of the canonical map
We now derive commutativity of the right square from commutativity of the left one in the following way. We start with
× be such that n · x = 0, and let S be a 2-chain in V L with boundary n · X. We then define a 2-cycle U in W L by setting U = n.Y − S and we define u = [U ] ∈ H = H 2 (W L ). First, since the following diagram is commutative:
Since, the map G f → T Coker f featured by the short exact sequence (2.1)
is well-defined and goes by B to x. Fourth, the canonical map
Putting those four facts all together, we conclude the proof of the lemma.
Remark 2.2. Similarly, the pairing of (2.2) is easily seen to correspond to the intersection pairing
2.3.
A 4-dimensional definition for Φ M,σ . Let M be a closed oriented connected 3-manifold and let σ ∈ Spin c (M ). Using a surgery presentation of (M, σ), we are going to define a quadratic function
For this, let us pick an ordered oriented framed link L in S 3 together with a positive diffeomorphism ψ : V L → M . We keep the notations fixed in §2.2; recall in particular that (H, f ) stands for the bilinear lattice (H 2 (W L ), intersection pairing in W L ) and that the results of §2.1 apply. Let also c ∈ Char(f ) represent ψ * (σ) ∈ Spin c (V L ). To the bilinear lattice with characteristic form (H, f, c), we can associate a quadratic function φ f,c :
Definition 2.2. The quadratic function associated to the Spin c -manifold (M, σ) is the following composition:
Proof that φ M,σ is well-defined. We have to verify that Definition 2.2 does not depend on the choice of the surgery presentation. Suppose that ψ ′ : V L ′ → M is another surgery presentation; quantities with a prime will be relative to that presentation. According to Kirby's theorem, there exists a path of Kirby's moves from
we have to verify the commutativity of the diagram
we have to verify that φ f,c = φ f ′ ,c ′ • t. We can suppose that L and L ′ are related by one single Kirby's move.
If this Kirby's move is an orientation reversal or a handle sliding move, the diffeomorphism h is induced by a diffeomorphism W L → W L ′ , inducing itself an isomorphism T : H → H ′ which makes f and f ′ commute. Note that the above defined t is induced by T . Also T induces its dual 
If the Kirby's move is a stabilization, we then have H ′ = H ⊕ Z, f ′ = f ⊕ (±1) and a formula for t is the following:
Consider now the pairing
The pairing L M is symmetric bilinear, possibly degenerate with
Proof. It is well-known that the linking pairing λ M can be calculated from the surgery presentation ψ : V L → M as follows. On the one hand, the isomorphism ̺ : H 2 (V L ) → Coker f described in Remark 2.1, together with ψ and the Poincaré duality, induces an isomorphism TH 1 (M )→ T Coker f ; on the other hand, we considered in §2.1 a symmetric nondegenerate bilinear form
So, according to Lemma 2.5, the map L M is determined by the commutative diagram
The lemma follows from the fact that φ f,c is a quadratic function over L f .
2.4. Properties of φ M . Let us fix, in this paragraph, a connected closed oriented 3-manifold M . The next lemma says that, for any Spin c -structure σ on M , the quadratic function φ M,σ is determined on H 2 (M ) ⊗ Q/Z by the Chern class c(σ). Note already that if x ∈ H 2 (M ), then c(σ), x ∈ Z is even since the mod 2 reduction of c(σ) is w 2 (M ) = 0.
Proof. The first statement follows from the fact that Ker L M = H 2 (M ) ⊗ Q/Z. As for the second statement, it suffices to prove it when M = V L . Suppose that σ is represented by the characteristic form c ∈ Char(f ) and that
2 · r · c(y) mod 1, and according to Remark 2.1, c(y) = c(σ), x . Remark 2.3. If σ ∈ T Spin c (M ), c(σ) is torsion and Lemma 2.7 implies that φ M,σ vanishes on H 2 (M ) ⊗ Q/Z; as a consequence, φ M,σ factors to a quadratic function over λ M . In this torsion case, our construction is readily seen to agree with that of [D] and, up to a minus sign, with that of [Gi] .
In particular, if σ is induced by a Spin-structure on M via the canonical map β : Spin(M ) → Spin c (M ), then the factorization of φ M,σ to TH 1 (M ) coincides with the quadratic form defined in [LL] , [MS] or [T1] . In [Ms1] , this quadratic form is shown to play a basic rôle in the Goussarov-Habiro theory of finite type invariants for Spin-manifolds.
In the sequel, we denote
the homomorphism defined by µ M (y) = y, − . Note that µ M is injective (as follows for example from Remark 2.2).
Proof. Again suppose that M = V L and that σ is represented by c ∈ Char(f ). Take 2.5. An intrinsic definition for φ M,σ . Let M be a closed connected oriented 3-manifold and let σ be a Spin c -structure on M . The goal of this paragraph is to give an intrinsic definition for the quadratic function φ M,σ , i.e. we want it not to be dependent on the choice of a 4-dimensional bordism.
Here is the idea. We consider an element x ∈ H 2 (M ; Q/Z). It follows from Lemma 2.8 that
If y ∈ Q/Z, we denote by 1 2 · y the set of elements z of Q/Z such that z + z = y. We are going to select, in a correlative fashion, an element
, where n ∈ N × and S is an oriented immersed surface in M with boundary n · K, a bunch of n parallel copies of an oriented knot K in M . Apply now the following stepwise procedure:
Step 1. Choose a nonsingular vector field v on M representing σ as an Euler structure, and which is transverse to K (we claim that it is possible to find such v).
Step 2. Let V be a sufficiently small regular neighborhood of K in M and let K v be the parallel of K, lying on ∂V , obtained by pushing K along the trajectories of v. By an isotopy, ensure that S is in transverse position with respect to K v with boundary contained in the interior of V .
Step 3. Define a Spin-structure α v on ∂ (M \ int (V )) by requiring its Johnson quadratic form q αv ( §1.3.5) to be such that q αv (meridian of K) = 0 and q αv (K v ) = 1.
Step 4. Then, v represents a Spin c -structure σ v on M \ int (V ) relative to the Spin-structure α v (we claim this). Let
be the relative Chern class of σ v .
Proposition 2.1. By applying the procedure above, we get
Remark 2.4. In [LW] , Looijenga and Wahl associate a quadratic function over λ M to each pair (M, J ), where (1) M is a closed connected oriented 3-manifold, (2) J is a homotopy class of complex structures on ǫ 1 ⊕ T M whose first Chern class is torsion. Suppose instead now that M comes equipped with a nonsingular section v of T M representing a torsion Spin c -structure σ, and endow it with an arbitrary Riemannian metric. Then
⊥ is written as the sum of two oriented real 2-dimensional vector bundles. So via the inclusion U(1) × U(1) ֒→ U(2), v defines a complex structure J v on ǫ 1 ⊕ T M . The first Chern class of J v coincides with that of v ⊥ and so with c(σ). In particular, the first Chern class of J v is torsion. The quadratic function defined by J v coincides with φ M,σ (compare formula (3.4.1) in [LW] with our formula (2.4)).
Proof of Proposition 2.1. First of all, we have to justify that the above procedure can actually be carried out.
We begin by proving the claim of Step 1. Let v be an arbitrary nonsingular vector field on M representing σ. It suffices to prove the following claim.
Claim 2.1. Let w be an arbitrary nonsingular vector field tangent to M defined on K. Then, v can be homotoped so as to coincide with w on K.
Proof. Choose a tubular neighborhood W of K, plus an identification W = (2D 2 )× S 1 such that K corresponds to 0 × S 1 . We denote by (e 1 , e 2 ) the standard basis of R 2 ⊃ 2D 2 . We define π : W → K to be the projection on the core. The solid torus W is parametrized by the cylindric coordinates
If p, q ∈ W are such that π(p) = π(q) (i.e. they belong to the same meridional disk 2D 2 × * ), we define the transport map t p,q : T p W → T q W as the unique linear map fixing the basis e 1 , e 2 , ∂ ∂φ . Deform the vector field v through the homotopy v (t) t∈ [0, 1] given at time t and point p ∈ W by
and at time t and point p / ∈ W by v (t) p = v p . After such a deformation, the vector field v satisfies the following property:
. Now, since π 1 (S 2 ) is trivial, v| K and w have to be homotopic; let w
be such a homotopy, beginning at w (0) = v| K and ending at w (1) = w. The homotopy given by
if p ∈ W and by v (t) p = v p if p / ∈ W , allows us to deform v to a nonsingular vector field which coincides with w on K.
Since v is now transverse to K, we can find a regular neighborhood V of K in M plus an identification V = D 2 × S 1 , such that K corresponds to 0 × S 1 and such that v| V corresponds to e 1 (recall that (e 1 , e 2 ) denotes the standard basis of R 2 ⊃ D 2 ). We apply steps 2 and 3 (note that K v then corresponds to 1×S 1 ) and we now prove the claim of Step 4. Let τ v ∈ Spin(V ) correspond to the parallelization e 1 , e 2 , ∂ ∂θ of V . Since (τ v | ∂V ) | 1×S 1 is the non-bouding Spin-structure and since 
where the third equality follows from the facts that
and c(β(τ v )) = 0 (by Remark 1.4).
We now prove formula (2.4), that is, the equality φ M,σ (x) = z 1 +z 2 . We begin by defining a particular surgery presentation of M . Construct a 3-manifold M ′ from M by doing surgery along the framed knot (K, (e 1 , e 2 )). Conversely, M can be obtained by surgery on M ′ along the dual knot
We then find a surgery presentation V L of M by setting L to be L ′ union K ′ with the appropriate framing. This surgery presentation of M has the following advantage: K bounds in the trace W L of the surgery a disk D whose normal bundle is trivialized by some extensions of the trivialization (e 1 , e 2 ) of the normal bundle of K in M . For such a surgery presentation, we use the notation fixed in §2.2. In particular, H = H 2 (W L ) and f : H × H → Z is the intersection pairing of W L . We define the 2-cycle U = n · D − S where n · D is a bunch of n parallel copies of the disk D with boundary n · K; we also define u = [U ] ∈ H. Then 1 n u belongs to H ♯ and the isomorphism κ :
(see the proof of Lemma 2.5). So, by definition,
where c is a characteristic form representative for σ. Let us calculate the quantity f (u, u). The 2-cycle U is a representative of u. Let D ′ be a push-off of D by the extension of e 1 = v| V in such a way that ∂D ′ is K v . Let also A be the annulus of an isotopy from
By adding a collar to W L and stretching the top of U ′ , we can make U in transverse position with U ′ (see Figure 2. 
We are now interested in the quantity c(u). Letσ be an extension of σ to the manifold W L and let ξ be the isomorphism class of principal U(1)-bundles on W L defined byσ; then c can be choosen to be c 1 (ξ). Let p be a representant of ξ and let tr be a trivialization of p on ∂V . Decompose the singular surface U ′ as
′ so as to be reduced to a calculus of obstructions in an oriented manifold, we obtain
where c 1 p|
For an appropriate choice ofσ, there exists a Spin c -structure
Also, for some appropriate choices of p in the class ξ and tr, we have
Then, equation (2.6) becomes
From the fact that c(β(τ v )) = 0, we deduce that 1 2n
Then, showing that c(σ 1 ), [D ′ ] is an odd integer together with (2.5) will end the proof of the proposition. Since c(σ 1 ), [ 
mod 2 (by Lemma 1.9), we are done.
Goussarov-Habiro theory for 3-manifolds with complex spin structures
We introduce a Spin c -refinement of the Goussarov-Habiro theory and we classify the degree 0 invariants.
3.1.
A brief review of the Y -equivalence relation. The Goussarov-Habiro theory is a theory of finite type invariants for compact oriented 3-manifolds based on an elementary move called Y -surgery. We recall how Y -surgery is defined in the usual setting.
Let M be a compact oriented 3-manifold. Let j : H 3 ֒→ M be a positive embedding of the genus 3 handlebody into the interior of M . Set
Here, (H 3 ) B is the surgered handlebody along the six-component framed link B drawn on Figure 3 .1 with the blackboard framing convention. Remark 3.1. Observe that there is a canonical inclusion M \ int (Im(j)) ֒→ M j . One can prove the existence of a specific self-diffeomorphism h of ∂H 3 which acts trivially in homology, and such that there exists a diffeomorphism
The node
One of the three edges
One of the three leaves restricting to the identity on M \ int (Im(j)). Details can be found in [Ms1, §1] .
A Y -graph G in a compact oriented 3-manifold M is an embedding into the interior of M of the surface drawn in Figure 3. 2. This surface, of genus 0 with 4 boundary components, is decomposed between leaves, edges and node. Let j : H 3 ֒→ M be a trivialization of a regular neighborhood of G in M . The embedding j is unique, up to ambiant isotopy.
Definition 3.1. The manifold obtained from M by Y -surgery along G, denoted M G , is the diffeomorphisms class of the manifold M j . We call Y -equivalence the equivalence relation among compact oriented 3-manifolds generated by Y -surgeries and positive diffeomorphisms.
Remark 3.2. A Y -surgery, introduced by Goussarov in [Go] , is equivalent to a A 1 -move defined by Habiro in [Ha] , or to a Borromean surgery introduced by Matveev in [Mt] .
The Y
c -equivalence relation.
3.2.1. Twist and Spin c -structures. Let us consider the setting of §1.4. We thus work with two compact oriented 3-manifolds M 1 and M 2 , a positive diffeomorphism f : −∂M 2 → ∂M 1 and the closed oriented 3-manifold
We make the additional assumption that ∂M 2 ∼ = ∂M 1 is connected. Let also h : ∂M 2 → ∂M 2 be a diffeomorphism which acts trivially in homology, and let us consider the manifold
We will say that the manifold M ′ is obtained from M by the twist along ∂M 2 by h. For instance, a Y -surgery is equivalent to a twist by Remark 3.1.
By a Mayer-Vietoris argument, there is a canonical homology isomorphism Φ :
which is unambiguously defined by the following commutative diagram: 
which is affine over P ΦP
is commutative.
Proof. If α ∈ Spin c (M ), we define Ω(α) as follows. Choose σ 2 ∈ Spin (∂M 2 ) and let σ 1 = f * (−σ 2 ) ∈ Spin(∂M 1 ). Since h * : H 1 (∂M 2 ; Z 2 ) → H 1 (∂M 2 ; Z 2 ) is the identity, h acts trivially on Spin(∂M 2 ): this follows from the fact that Johnson's correspondence Spin(∂M 2 ) → Quad (∂M 2 ) is natural ( §1.3.5). According to Corollary 1.1, there are two gluing maps
which are affine, via the Poincaré dualities, over j 1, * ⊕j 2, * and j
and define Ω(α) to be α ′ . Let us now verify that Ω(α) is well-defined by that procedure. Assume other intermediate choicesσ 2 ,α 1 andα 2 of σ 2 , α 1 and α 2 respectively, leading toα ′ = α 1 ∪ f •hα2 . We claim that α ′ =α ′ . Assume first the particular case whenσ 2 = σ 2 ∈ Spin(∂M 2 ). Since α 1 ∪ f α 2 = α =α 1 ∪ fα2 , we have
Applying Φ to that identity, we obtain the equation
whose left-hand side term equals
. We conclude that α ′ =α ′ . We now deal with the general case. Let s 2 ∈ Spin r (∂M 2 ) represent σ 2 and set s 1 = f * (−s 2 ) ∈ Spin r (∂M 1 ), which represents σ 1 . For i = 1 and 2, take a i ∈ Spin c r (M i ) representing α i and such that a i | ∂Mi = β(s i ), where β is the canonical map defined in §1.2.5. We have
Here ∪ f denotes the rigid version of the gluing map. Pick a homotopy between h * (s 2 ) and s 2 , and let U ∈ Spin r (∂M 2 × I) be the corresponding rigid Spin-struture on the product. Then,
Let alsos 2 ∈ Spin r (∂M 2 ) representσ 2 and sets 1 = f * (−s 2 ) ∈ Spin r (∂M 1 ) which representsσ 1 = f * (−σ 2 ) ∈ Spin(∂M 1 ). Even if σ 2 andσ 2 may be different, we certainly have β(σ 2 ) = β(σ 2 ) ∈ Spin c (∂M 2 ). Choose an homotopy between β(s 2 ) and β(s 2 ), and let H ∈ Spin c r (∂M 2 × I) be the corresponding rigid structure on the product. So, f * (−H) ∈ Spin c r (∂M 1 × I) is a homotopy between β(s 1 ) and β(s 1 ). Now, the rigid Spin c -structure on M
can be homotoped, by means of the double collar of j 2 (∂M 2 ) in M , to a 1 ∪ f a 2 . According to (3.3), the gluing map
According to the particular case treated previously, and whatever the choices ofα 1 andα 2 are, we havẽ
Let V ∈ Spin r (∂M 2 × I) be a homotopy between h * (s 2 ) ands 2 . We obtain
Just as before for M , the rigid Spin
can be homotoped, by means of the double collar of j
By comparing (3.5) and (3.6), we see that the identityα ′ = α ′ will be implied by the following equality of Spin c -structures relative to Spin-structures:
Since H 2 (∂M 2 × I, ∂ (∂M 2 × I)) has no 2-torsion, these relative Spin c -structures are determined by their Chern classes. We have .7) is satisfied. We thus conclude that the map Ω is well-defined.
The fact that Ω is affine and the last statement of the proposition are readily derived from the properties of the gluing maps ∪ f and ∪ f •h stated in Corollary 1.1, and from the definition of the isomorphism Φ.
Remark 3.3. When M has non-empty boundary (i.e., when M 1 and M 2 are glued along only a connected part of their boundaries), there is a relative version of Proposition 3.1 which involves Spin c -structures on M and M ′ relative to Spinstructures.
Definition of the Y
c -surgery. We now explain how Y -surgery makes sense in the setting of Spin c -manifolds. For simplicity, we consider only the closed case. Let M be a closed oriented 3-manifold and let j : H 3 ֒→ M be an embedding. We denote by Φ j : H 1 (M ) → H 1 (M j ) the isomorphism defined by the following
Proof. Let M be a closed connected oriented 3-manifold and let G be a
In the image by ψ of the regular neighborhood of G in M , put the 2-component framed link K depicted on dunk moves (see Example 2.1) and handle slidings in H 3 . In particular, there is an obvious surgery presentation ψ ′ : M G → V L∪K induced by ψ. With the viewpoint from §2.2.2, we want to identify the combinatorial analog of the bijection Ω G . In other words, we want to find the map O G such that the diagram
commutes. This is contained in next claim and will allow us to prove that ∆ c -move and Y c -surgery are equivalent moves.
Claim 3.1. Let B L denotes the linking matrix of L and let K be appropriately oriented so that the ordered union of ordered oriented framed links L ∪ K has a linking matrix of the form
Then, the map O G sends a Chern vector [s] to the Chern vector [(s, x, 0)].
Proof. As pointed out in Remark 3.5, a Y -surgery along G also induces a bijection Ω G : Spin(M ) → Spin(M G ), a combinatorial analog of which is also given in [Ms1] . Using the compatibility stated in Remark 3.5 and using §2.2.3, we see that the claim holds at least for those Chern vectors which come from S L .
Denote by (H, f ) the lattice corresponding to the intersection pairing of W L , and by (H ′ , f ′ ) that of W L∪K . Recall from Remark 2.1 that there are canoni- Figure 3 .5, the first diffeomorphism is obtained by applying Claim 3.1, while the second one is obtained from a handle-slide move and a slam dunk move.
In Figure 3 .6, the first Spin c -diffeomorphism is obtained from three slam dunk moves. Next, a ∆ c -move is applied. The second Spin c -diffeomorphism is obtained by Spin c Kirby's calculi (in particular, two slam dunks have been performed), and the last one is obtained from Claim 3.1.
3.3. Proof of Theorem 2. We need two algebraic results concerning classification of quadratic functions up to isomorphism, proved in [DM1] .
3.3.1. Isomorphism classes of quadratic functions. There is a natural notion of isomorphism among triples (H, f, c) defined by bilinear lattices with characteristic forms (see §2.1): we say that two triples (H, f, c) and (H ′ , f ′ , c ′ ) are isomorphic if there is an isomorphism ψ :
All such triples form a monoid for the orthogonal sum ⊕. Two triples (H, f, c) and (H ′ , f ′ , c ′ ) are said to be stably equivalent if they become isomorphic after stabilizations with some copies of (Z, ±1, Id), which denotes the bilinear lattice defined on Z by (1, 1) → ±1 and equipped with the characteristic form Id = Id Z . Note that, for any bilinear lattices (H, f ) and (H ′ , f ′ ), there is a map
since the pairing (2.2) is right nonsingular, 
Remark 3.6. Let Ψ be an isomorphism between (G f ′ , φ f ′ ,c ′ ) and (G f , φ f,c ) and suppose that f and f ′ are degenerate. The isomorphism Ψ does not necessarily arise from an isomorphism ψ : Coker f → Coker f ′ . In fact, it does if and only if Ψ| Ker L f ′ : Ker L f ′ → Ker L f lifts to an isomorphism Ker f ′ → Ker f (see [DM1, Lemma 3.4 
]).
Let now q : G → Q/Z be a quadratic function on an Abelian group G. We shall say that q meets the finiteness condition if G/Ker b q is finite; the extension G of Ker b q by G/Ker b q is split.
We shall also denote by r q the homomorphism obtained by restricting q to Ker b q . Here, the Ψ-compatibility condition refers to the commutativity of the diagram 
Suppose that the condition (2) of Theorem 2 is satisfied. This implies that L M ′ = L M • ψ ♯ × ψ ♯ and so λ M = λ M ′ • (ψ| × ψ|) by Lemma 3.3. Condition (2) also implies the relation d φ M ′ ,σ ′ = d φM,σ • ψ ♯ between homogeneity defects of quadratic functions. So, by Lemma 2.8, we have c(σ ′ ), x ′ = c(σ), ψ ♯ (x ′ ) for all x ′ ∈ H 2 (M ′ ; Q/Z). By left nondegeneracy of the pairing • : H 1 (M ′ ) × H 2 (M ′ ; Q/Z) → Q/Z, we conclude that P −1 c(σ ′ ) = ψ P −1 c(σ) . Finally, the quadratic function
is isomorphic to φ M ′ ,σ ′ • s ′ : hence, these two quadratic functions have identical Gauss sums. Therefore the condition (3) holds. 3), the ψ-compatibility condition between s and s ′ required by the condition (3) of Theorem 2 coincides with the ψ ♯ -compatibility in the sense of §3.3.1. Therefore, by Theorem 3.2, the quadratic functions φ M,σ and φ M ′ ,σ ′ are isomorphic. More precisely, according to Remark 3.7, there exists an isomorphism ϕ : H 2 (M ′ ; Q/Z) → H 2 (M ; Q/Z) such that φ M ′ ,σ ′ = φ M,σ • ϕ and ϕ| H2(M ′ )⊗Q/Z coincides with ψ ♯ | H2(M ′ )⊗Q/Z = ψ ♯ ⊗ Q/Z. This latter fact, together with Remark 3.6, allows us to precise that ϕ equals η ♯ for a certain isomorphism η :
3.3.3. Proof of the equivalence (1) ⇐⇒ (2) of Theorem 2. We prove implication (1) =⇒ (2) first. By Lemma 3.2, it suffices to prove it when (M, σ) and (M ′ , σ ′ ) are related by a Spin c -diffeomorphism or, for some fixed surgery presentations, by a ∆ c -move. For the first case, let f : (M, σ) → (M ′ , σ ′ ) be a Spin c -diffeomorphism. Let f * : H 1 (M ) → H 1 (M ′ ) be the induced isomorphism in homology. From the intrinsic definition of these quadratic functions ( §2.5), we deduce that
♯ . The second case is deduced from the extrinsic definition of the quadratic functions φ M,σ and φ M ′ ,σ ′ ( §2.3), and from the fact that a ∆-move between ordered oriented framed links preserve their linking matrices.
Suppose now that condition (2) is satisfied. We fix surgery presentations V L ∼ = M and V L ′ ∼ = M ′ . As in §2.2, we set H = H 2 (W L ) (resp. H ′ = H 2 (W L ′ )) and f : H × H → Z (resp. f ′ : H ′ × H ′ → Z) will denote the intersection pairing of W L (resp. W L ′ ). Let also c ∈ Char(f ) and c ′ ∈ Char(f ′ ) represent respectively σ and σ ′ . By hypothesis, the quadratic functions φ f,c : G f → Q/Z and φ f ′ ,c ′ : G f ′ → Q/Z are isomorphic via an isomorphism which is induced by an isomorphism Coker f → Coker f ′ . So, by Theorem 3.1, the bilinear lattices with characteristic forms (H, f, c) and (H ′ , f ′ , c ′ ) are stably equivalent. An isomorphism of bilinear lattices (resp. a stabilization by (Z, ±1, Id)) can be topologically realized by a finite sequence of Spin c Kirby's moves: handle slidings and changes of orientation of components (resp. a stabilization by the unknot). Therefore, we can suppose, without loss of generality, that (H, f, c) = (H ′ yields an isomorphism ψ : H 1 (M ) → H 1 (M ′ ). It is the composite of the isomorphisms H 1 (M i ) → H 1 (M i+1 ), which is taken to be f * if the step (M i , σ i ) ; (M i+1 , σ i+1 ) is a Spin c -diffeomorphism f , or is the isomorphism Φ G of §3.2.2 if the step is the Y c -surgery along a Y -graph G ⊂ M i . Then, ψ verifies φ M ′ ,σ ′ = φ M,σ •ψ ♯ . Conversely, given an isomorphism ψ : H 1 (M ) → H 1 (M ′ ) with the property that φ M ′ ,σ ′ = φ M,σ • ψ ♯ , we can find a finite sequence of Spin c -diffeomorphisms and Y c -surgeries from (M, σ) to (M ′ , σ ′ ) inducing ψ at the level of H 1 (−). Here, we use the second statement of Theorem 3.1.
